Certain functions useful for representing axisymmetric refractive-index distributions are shown to have exact solutions for Abel transformation of the resulting angular deflection data.
The tomographic reconstruction of axisymmetric refractive-index distributions from angular deflection data (e.g., schlieren, moir6) is a subject of considerable interest, particularly in the areas of combustion science and fluid physics.
Although the mathematical solution to this problem was presented by Abel 1 more than a century ago, the formal solution is seldom used in practice, primarily because of the singular behavior of the integrand at r = 0 and the requirement for spatially differentiated, often noisy, experimental data. The latter is less of a concern in the present context, since the resulting angular deviations are physically associated with the spatial gradients of the field itself; thus one avoids problems associated with the differentiation of noisy data. ing precomputed coefficients. This process can be implemented extremely rapidly, even when high polynomial orders are retained.
In addition the process of basis decomposition with a finite cutoff effectively smooths the data, which diminishes the effects of spatial noise.
When a planar refractive-index distribution _ is axisymmetric, 5 = 5(r), and satisfies the conditions d_r ds << 1, (la) 5(r) _ 0 for r --* :¢,
where L denotes any ray path and ds is the corresponding element of arc length, then the optical path length and the angular deflection along any ray can be evaluated as if the ray did not depart from its initially linear trajectory.
Here we use the standard convention 5 = n -1, where n is the total value of the refractive index. Condition (lb) means that we denote by 5 the departure of the refractive index from its value in empty space.
This approximation leads to the well-known relationships 3 between angular deflection (e.g., schlieren) data e(y) and the refractiveindex distribution 5(r):
represents the direct problem of evaluating the angular deflection, and Eq. (2b) the inverse problem. Figure  1 illustrates the coordinate system of the initial ray trajectories and their resulting deflections. 
and the initial value , _' z 2 = (_r)l '2 exp(z2)erfc(z).
From Eqs. (6) and (7) follow U ,_,z =_z -12,
These results generalize the stated results above as follows:
Define a Gaussian polynomial to be the product of a polynomial and the Gaussian function exp(-r2).
If the refractive-index distribution is an even Gaussian polynomial, Then Eqs. (7) provide the recurrence
We define H,,m by 
which we can rapidly and accurately evaluate to any order by using Eqs. (12) and (13). These results are stated here in terms of dimensionless variables.
In 
